We find the second positive radial solution for the following p-Laplacian problem:
Introduction
In this paper, we study the existence, nonexistence, and multiplicity of positive radial solutions for the following p-Laplacian problem: Then, there exist μ 0 ≥ μ * > 0 such that P D i , i 1, 2, has at least two positive radial solutions for μ ∈ 0, μ * , at least one positive radial solution for μ ∈ μ * , μ 0 and no positive radial solution for μ ∈ μ 0 , ∞ .
We notice that this result is partial since the existence of multiple solutions on interval μ * , μ 0 is not obvious. This is mainly caused by coarse topological structure of solution space. If indefinite weight K |x| is of the form |x| −l with l > p, then we can prove μ * μ 0 in the above conclusion for problem P D 1 , that is, there exists μ * > 0 such that P D 1 has at least two, one, or no positive solutions according to μ ∈ 0, μ * , μ μ * , or μ ∈ μ * , ∞ , respectively. This is our second result for this paper. For proofs, we employ global continuation theorem and fixed point index theory based on a weighted space as the solution space.
It is interesting to see whether the exponent l p is critical or not in the sense of existence of positive radial solutions. We end by answering this question that if l ≤ p, then problem P D 1 does not have a positive radial solution. Questions for global results or critical sense of exponent for existence of problem P D 2 are not answered in this work, so we leave them to the readers. A partial answer to the question for the nonexistence results to problem P D 2 is known in 2, 3 . This paper is organized as follows. In Section 2, we introduce well-known theorems such as the global continuation theorem, the generalized Picone identity, and a fixed point index theorem for the index computation. In Section 3, we introduce several transformations to obtain equivalent one-dimensional p-Laplacian problems and also prove the existence of unbounded continuum of positive solutions using the global continuation theorem. In Section 4, figuring the shape of the unbounded continuum in Section 3, we get the existence, nonexistence, and multiplicity of solutions introduced as the partial result. In Section 5, introducing weighted spaces, we improve the result in Section 4 to a global one. In Section 6, we prove a nonexistence result which gives, in some sense, a critical exponent of existence and nonexistence.
Preliminaries
In this section, we give some known theorems which will be used in the following sections. 
The existence of unbounded continuum
In this section, we introduce several transformations to obtain one-dimensional p-Laplacian problems which we will mainly analyze and then we prove the existence of unbounded continuum of positive solutions of the problem using the global continuation theorem. 
Boundary Value Problems
We notice that h is singular at t 0 and by condition K , h satisfies
For more general consideration, we assume that the coefficient function h may be singular at t 0 and/or 1 which satisfies
Obviously, we see that condition H 1 implies condition H . Introducing u t z t /μ, we can rewrite problem 3.1 as
where λ μ q−p 1 . Problems 3.1 and 3.3 share the same bifurcation phenomena with respect to μ and λ, respectively.
Similarly, if we use transformation t 1 − r/r 0 − N−p / p−1 , then problem P D 2 is also written as 3.1 with h given by
Notice that h is singular at t 1 and by the condition K , h satisfies
We see that condition H 2 implies condition H , and thus, for radial problem P D 2 , it is also enough to consider problem 3.3 with h satisfying H . Since both problems P D i , i 1, 2, can be transformed to the form 3.3 , we will mainly consider problem P λ given as follows for more general arguments:
where λ is a positive real parameter and f ∈ C R , R with R 0, ∞ . h ∈ C 0, 1 , R may be singular at t 0 and/or t 1. Let us assume the following condition:
To fulfill conditions in the global continuation theorem, we need to consider problems with Dirichlet boundary condition. For this, we substitute v t u t − a 1 − t to get the following equivalent problem:
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Denote K {u ∈ C 0 0, 1 : u is concave}. Then, it is easy to see that K is an order cone. Let us define operator H : R × K → C 0, 1 as follows:
where
3.6
Then by condition H and the definition of A λ,v , we can easily see that H is well defined and 
The shape of continuum
In this section, we will figure the shape of unbounded subcontinuum C of positive solutions of problem P λ known to exist by Corollary 3.2:
where f ∈ C R , R , h ∈ C 0, 1 , R . We assume an additional condition for this section:
Using the generalized Picone identity and the properties of the p-sine function 8, 9 , we obtain the following lemma. Proof. Suppose on the contrary that there exists a sequence u n of positive solutions of P λ n with λ n ⊂ J α, β and u n ∞ → ∞ as n → ∞. It follows from the concavity of u n that This is a contradiction.
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We now state and prove the main theorem in this section. Proof. Define λ * : sup{μ : problem P λ has at least two positive solutions for all λ ∈ 0, μ }.
Then by Lemmas 4.1 and 4.2, λ * < ∞. Suppose that there exists λ ≥ λ * such that P λ has a positive solution, say u, that is,
For fixed λ ∈ 0, λ , define T λ : C 0, 1 → C 0, 1 by 
4.13
It is easy to check that T λ is completely continuous on C 0.1 . Let us consider the following modified problem:
Then, solution u of M λ is concave and nontrivial. It follows from the definition of γ and the continuity of f that there exists R 1 > 0 such that T λ u ∞ < R 1 for all u ∈ C 0, 1 . Then, by 
4.15
Since 0 < λ < λ, we get
4.16
This contradiction implies u t ≤ u t , for all t ∈ 0, 1 . Therefore, by the definition of γ, u turns out a positive solution of P λ . Define λ * sup{λ : P λ has at least one positive solution}. Then by Lemma 4.1, λ * < ∞. Furthermore by Lemma 4.2 and compactness of H, we can show that P λ * has a positive solution in frame of standard limit argument and this completes the proof.
Take f u u q , q > p − 1, in problem P λ , then by the transformation arguments in Section 3, solutions of P λ correspond to those of problem 3.1 which is the radial problem of P D i , i 1, 2. In this case, conditions F i , i 1, 2, in Theorem 4.3 are redundant and we get the following corollary. Then, there exist μ 0 ≥ μ * > 0 such that P D i , i 1, 2, has at least two positive radial solutions for μ ∈ 0, μ * , at least one positive radial solution for μ ∈ μ * , μ 0 , and no positive radial solution for μ ∈ μ 0 , ∞ .
Global existence result
Multiplicity of solutions on λ * , λ * is not known in Theorem 4.3. Analytic difficulty on this range is caused by lack of topological properties in solution space C 0, 1 , mainly lack of controllability of derivatives of solutions at the boundary. In this section, we overcome this difficulty by employing a weighted space as new solution space specially for problem P D 1 . For this purpose, let us consider the following p-Laplacian problem:
We notice that K |x| |x| −l with l > p satisfies condition K . By transformations r |x|, u r u |x| , and t r/r 0 − N−p / p−1 , u r z t , we obtain
5.1
For
By another transformation u t z t /μ, the above problem can be transformed into
where λ μ q−p 1 . As in Section 3, we consider problem E λ given as follows for more general arguments:
where λ is a positive real parameter and f ∈ C R , R . We give an additional assumption in this section:
Now the aim of our work here is to investigate bifurcation phenomena of positive solutions for problem E λ . Again introducing v t u t − a 1 − t , we rewrite E λ to the following equivalent Dirichlet boundary problem:
We first state the main theorem in this section. 
We can easily know that
The following lemma is essential to introduce our weighted space C w 0, 1 and very useful to construct a bounded open set of solutions in the space for fixed point index computation.
Lemma 5.2.
If u is a solution of E λ , then wu ∈ C 0, 1 and
Proof. Let u be a solution of E λ . Then, we have
where u A 0. Since w ∈ C 0, 1 and u ∈ C 0, 1 , we only need to show 0 < lim t → 0 wu t < ∞.
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In fact, if 1 < α < p, then by L'Hospital's rule and lim t → 0 w t 0, we have
5.8
If α 1, then similarly we may obtain
Thus, the proof is complete.
Define C w 0, 1 {u ∈ C 0 0, 1 ∩ C 1 0, 1 : lim t → 0 wu t exists}. We notice that if u ∈ C w 0, 1 , then there exists an extension wu ∈ C 0, 1 of wu such that Proof. It is easy to see that C w 0, 1 is a normed linear space. We only need to check that C w 0, 1 is complete. In fact, let u n be a Cauchy sequence in C w 0, 1 . That is, u n is a Cauchy sequence in C 0 0, 1 and wu n is a Cauchy sequence in C 0, 1 . Since both C 0 0, 1 and C 0, 1 are Banach spaces, there exist u ∈ C 0 0, 1 and v ∈ C 0, 1 such that u n → u in C 0 0, 1 and wu n → v in C 0, 1 . Since w t > 0, for t ∈ 0, 1 , there exists v 1 ∈ C 0, 1 such that v t w t v 1 t , for all t ∈ 0, 1 . For δ > 0, we know u n → v 1 in C δ, 1 . This implies v 1 ≡ u in δ, 1 . Since δ > 0 is arbitrary, wu n → wu pointwise in t ∈ 0, 1 . Therefore, by the uniqueness of limit, wu ≡ v on 0, 1 . Since wu n → v in C 0, 1 , we have 
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Therefore, u ∈ C w 0, 1 and wu ≡ v on 0, 1 . This implies u n → u in C w 0, 1 and the proof is complete.
Let K {u ∈ C w 0, 1 | u is concave on 0, 1 }. Then, it is easy to check that K is an order cone. Define H : R × K → C w 0, 1 by 
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Assume that F 1 holds. Then, by the similar argument in the proof of Lemma 5.2 and the definition of H, we see that H is well defined and H R × K ⊂ K. Furthermore, u is a positive solution of E λ if and only if u H λ, u on K. The following lemma can be proved by standard argument and we skip the proof.
